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It is shown here that no plane of order 12 exists which has a group of elations 
of order 12. It is also shown that no plane of order 10 exists which has a multi- 
plicative loop that is a group. 
1. INTRODUCTION 
The existence of a finite projective plane of order 10 or order 12 is at 
present unknown. An investigation of the existence of planes of order 10 
has been begun by John Thompson using the theory of error correcting 
codes, particularly the MacWilliams formula relating the weights of 
a code and its dual. Some progress has been made in this investigation 
in a paper by MacWilliams, Sloane, and Thompson [4] but completion 
of this attack will be difficult and perhaps beyond the range of present 
computing facilities. 
This paper describes an attempt to construct a plane of order 10 or 
a plane of order 12 by assuming certain properties which make a search 
for such planes feasible. Planes of order 12 are considered which have 
a collineation group of order 12 consisting of elations with a fixed point 
as center and a fixed line as its axis. This is equivalent to saying that in 
an appropriate coordinatizing ternary ring the additive loop is a group, 
and that for each fixed b the mapping (x, v) -+ (x, ~7 + b) is a collineation. 
In a plane of order 10 it is not possible that an additive loop be a group. 
Here the assumption is made that there is a multiplicative loop which is 
a group, but no assumption is made that this is related to any collineation 
of the plane. 
The results of these searches are that no plane of order 10 or 12 with 
the assumed property exists. 
* This research was supported in part by ONR contract NOOO14-67-A-0094-0010. 
In part this paper presents the results of one phase of research carried out at the Jet 
Propulsion Laboratory, California Institute of Technology under contract No. NAS- 
7-100, sponsored by the National Aeronautics and Space Administration. 
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The notation and terminology used here are standard and may be 
found in [I ] or [2]. 
2. PLANES OF ORDER 12 
If a finite plane 7~ has non-trivial elations with the same axis L and 
more than one center on L then it is known that all elations with center 
on L form an elementary Abelian group of order a power of a prime p’. 
But if all elations with axis L have the same center no restriction is known 
on the nature of the group of elations, and for infinite planes such a group 
can be arbitrary. 
We look for a plane of order 12 which has a group G of order 12 as its 
group of elations with a fixed axis L and a fixed center P on L. Thus 
we are assuming that the plane is P - L transitive for this line L and 
point P. We may take the axis to be the line at infinite L, , and the center P 
to be the point (00) which is the center of the pencil x = c. Thus the 
action of the group G is determined by the way in which G permutes 
the lines y = k of the pencil through (0) on L, . Hence if o( is an element 
of G, we may consider 01 as acting only on the pcoordinates of points. 
Thus, for P = (x, v), Pcu = (x, ~)a = (x, ~a). Thus the pencil through (1) 
on L, in the finite part of the plane consists of the parallels to the line 
y = x and if (1, yl) ... (12, ylz) are the finite points on one of these 
parallels, namely, the image of y = x under 01, then the rows of y’s 
effectively from the Cayley table of the group G, and will be a Latin 
square. Any other line will be a transversal of this square. Since it is 
known [3] that a Latin square which is the Cayley table of a group will 
not have a transversal if it has a cyclic Sylow 2-subgroup, we need only 
consider the three groups of order 12 whose Sylow a-subgroup is the 
4-group. The three groups are: 
J. The alternating group A4 
12 3 4 5 6 7 8 9101112 
2 14 3121011 9 8 6 7 5 
3 4 12 81110 512 7 6 9 
4 3 2 19 7 612 51110 8 
5 9 12 8 6 I 3 10 11 4 2 7 
611 710 1 512 4 2 8 9 3 
710 611 4 9 8 1312 5 2 
812 9 511 3 1 7 6 2 410 
9 5 812 7 4 21110 13 6 
10 711 6 212 5 3 19 8 4 
11 6 10 7 3 8 9 2 4 5 12 1 
12 8 5 9 IO 2 4 6 7 3 1 I1 
NONEXISTENCE OF CERTAIN PLANES OF ORDER 10 AND 12 275 
II. The direct product S, x Z, 
12 3 4 5 6 7 8 9101112 
2 1 4 3 6 5 8 7 10 9 12 II 
3 4 5 6 121112 7 8 910 
4 3 6 5 2 1 12 11 8 7 10 9 
5 6 12 3 4 9101112 7 8 
6 5 2 1 4 3 10 9 12 II 8 7 
7 8 9101112 12 3 4 5 6 
8 710 91211 2 14 3 6 5 
9101112 7 8 5 6 12 3 4 
10 91211 8 7 6 5 2 14 3 
11 12 7 8 9 10 3 4 5 6 1 2 
1211 8 710 9 4 3 6 5 2 1 
III. The Abelian group Z, x Z, x Z, 
1 2 3 4 5 6 7 8 9 10 11 12 
2 14 3 6 5 8 710 91211 
3 4 12 7 8 5 61112 910 
4 3 2 1 8 7 6 5 12 11 10 9 
5 6 7 8 9 10 11 12 1 2 3 4 
6 5 8 710 91211 2 14 3 
7 8 5 61112 910 3 4 1 2 
8 7 6 5 12 11 10 9 4 3 2 1 
9 10 11 12 1 2 3 4 5 6 7 8 
10 9 12 11 2 I 4 3 6 5 8 7 
11 12 9 10 3 4 I 2 7 8 5 6 
12 11 10 9 4 3 2 1 8 7 6 5 
In this notation a “transversal” is a further line whose points are 
(1, JJ~), (2, y.J,..., (12, ylJ and is written y,y, ... ylz . A transversal agrees 
in exactly one position with each row of the group square. For example 
1, 3, 4, 2, 6, 5, 8, 7, 10, 9, 12, 11 is a transversal for the alternating group 
A, . The parallel pencil including this line is obtained by the action of 
the group on this line. This pencil corresponds to the Latin square which 
has the transversal as its first row and the columns are the same as the 
columns in the group square. The two squares are “orthogonal” in the 
sense of representing consistent parallel pencils, but are not orthogonal 
in the ordinary sense of this word. If a cell of the square is a point and if 
a line consists of those points to which the same digit has been assigned, 
both squares can be rewritten to yield squares orthogonal in the ordinary 
way. 
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A machine search for transversals beginning 1, 3 yielded 416 trans- 
versals for the first group, 576 for the second and 1728 for the third. 
A transversal I,4 consistent both with the group square and with a 
square from a 1, 3 transversal will lead to a set of three mutually 
“orthogonal” squares. For the first two groups no set of four consistent 
squares was found, while for the last five consistent squares were found 
in a number of cases. 
3. PLANES OF ORDER 10 
In the search for planes of order 10, a much weaker assumption was 
made than in the search for planes of order 12. It was assumed that, for 
some choice of three points not on a line, the three pencils of lines through 
these points yielded a group. In a ternary ring this could be the multiplica- 
tive loop of order 9. (Since the groups of order 10 do not have transversals 
the additive loop cannot be a group.) The two groups of order 9 are the 
cyclic group and the elementary Abelian group. A search was made 
starting with each of these: 
Cyclic group Elementary group 
1234567890 1234567890 
2345678910 2315648970 
3456789120 3126459780 
4567891230 4567891230 
5678912340 5648972310 
6789123450 6459783120 
7891234560 7891234560 
8912345670 8972315640 
9123457880 9783126450 
With coordinates taking the values 1, 2,..., 9,0, each row above is the 
set of y coordinates y1 , y, ,..., ys , y,, of a line containing the points 
(1, JJ~), (2, y2),..., (9, y,), 0, y,). These are the lines of the pencil through 
(0,O) and form a group together with the pencil through (co) consisting 
of lines x = c, and the pencil through (0) consisting of lines y = c. 
There are a number of collineations of the partial plane M given by 
these pencils. The coordinates l,..., 9 are considered to be the elements of 
the group G, the cyclic group in the first case, and the elementary group 
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in the second case, with 1 taken as the identity of G. A collineation p of 
order 3 is the following mapping: 
(x) - (x, 0) - (0, x-9 - (x), x E G, 
(x, J) - WY, x-l) - (y-l, w-l) - (x, JJ), x, y G G. 
A collineation T of order 2 is the following mapping: 
(00) - (0) - (Co), 
(4 - (x-Y - (XL x E c, 
(x7 Y> - (Y, -4 - (4 Y), x, Y E {G, 01. 
For s, t fixed elements of G we have the collineation c,,t which is the 
mapping: 
(a) - (co), (0) - (01, (m) --f (s-ltm), m E G, 
and 
k Y> - @x, VI, x, Y E {G, 03. 
Finally, if 01 is an automorphism of G, if we put 0” = 0 then there is 
a collineation CX* which is the mapping: 
(a) - (a>, (0) - c-9, Cm) - Cm% 
(x, Y) - (X”, v”), x, Y E {G, 0). 
If further lines are added to the partial plane A4 to form a larger partial 
plane M*, then the image (M*)o of M* under any one of these collinea- 
tions is also a partial plane containing M and we consider M* and (M*)u 
equivalent. Thus a consideration of representatives of equivalent extensions 
reduces the number of cases to be considered. 
In the first case in which G is the cyclic group (a), us = 1, we identify 
the group elements with coordinates putting 1 = 1, 2 = a, 3 = u2, 
4 = u3, 5 = d’, 6 = u5, 7 = a6, 8 = a’, 9 = a*. Here there are 189 lines 
through (1, 1) and (7,4) consistent with M. Under the collineation group 
of M these fail into four equivalence classes with representatives 
(1) 1 3 5 0 9 2 4 6 8 7, 
(2) 1 3 8 0 9 5 4 6 2 7, 
(3) 1 0 6 2 9 8 4 7 5 3, 
and 
(4) 1 3 6 0 9 8 4 7 5 2. 
By “consistent” is meant that we do not have two different lines through 
two distinct points. In classes (1) and (2) there are collineations of M 
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which also leave the representative fixed. We shall also follow a principle 
of preference, preferring classes 1, 2, 3, 4 in this order, so that any exten- 
sion of M will be considered in its preferred order. Thus, for example, 
in adding further lines to class 3 we do not add any line equivalent to the 
lines of class I or class 2, since such an extension is equivalent to an 
extension of class 1 or class 2. The 189 lines through ( 1, 1) and (4, 7) 
consistent with M were then tested for consistency with each of the lines 
(l), (2), (3), (4) above, and, using the collineations for (I) and (2) and also 
preference, there were 18 lines to be added to (l), 24 lines added to (2), 
42 lines added to (3), and 14 lines added to (4). This gave a total of 98 two 
line extensions of A4 to be considered. 
For each of these 98 two line starts, a machine search first found all 
further lines through (1, 1) consistent with M and the two lines. The 
machine then completed the pencil through (1, 1) in all possible ways. 
Since 1 2 3 4 5 6 7 8 9 0 in the group is a line through (1, 1) with two 
further lines through (1, l), there remain 6 to be added. For the first of 
the 98 starts we have the lines: 
1234567890 
1350924687 
1927680354 
For this start there were 56 pencils through (1, 1) found, the first of 
which consisted in adding the following six lines: 
1846053279 
1405392768 
1768435902 
1583279046 
1692708435 
1079846523 
A further machine search then looked for lines through (2,3) consistent 
with M and the (1, 1) pencil. Tn this case we already have the lines 
2 3 4 5 6 7 8 9 0 and 1 3 5 0 9 2 4 6 8 7 so that further lines will be of the 
form x 3 ... and for the full (2, 3) pencil we would need consistent lines 
with x = 0,4, 5, 6, 7, 8, 9. The machine rejected a case in which there 
was not a consistent line for each of the possible values of x. For the first 
main case in which G is the cyclic group, for no one of the (1, 1) pencils 
was the second pencil possible. This shows that no plane of order 10 
contains a multiplicative pencil which is the cyclic group of order 9. 
The second main case is that in which G is the elementary Abelian 
group of order 9. With the group defined by a3 = b3 = I, ba = ab, the 
numbering taken was 1 = 1, 2 = a, 3 = a2, 4 = b, 5 = ab, 6 = a2b, 
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7 = b2, 8 = ab2, 9 = a2b2. The situation in investigating this case turned 
out to be quite different from that of the cyclic group. There were 189 lines 
through (1, I) and (2, 3) consistent with M but these fell into 7 different 
classes with respect to the collineations of M even though the automor- 
phism group of the elementary group is of order 48 as compared with 6 
as the order of the group of automorphisms of the cyclic group. Every 
representative line was fixed by some collineation of M. Representatives 
of the seven classes are: 
(1) 1307984652, 
(2) 1 3 0 8 7 9 5 4 6 2> 
(3) 1 3 0 8 7 9 6 5 4 2, 
(4) 1 3 0 7 9 8 5 4 6 2, 
(5) 1 3 4 0 8 2 5 7 6 9, 
(6) 1 3 4 9 0 2 5 7 6 8, 
(7) 1 3 4 9 8 2 5 0 6 7. 
Adjoining a further line through (1, 1) and (3, 2) led to only 72 two 
line starts. Calculation of penciIs through (1, 1) and listing potential lines 
for the (2, 3) pencil eliminated most cases but not all. Nine of the two 
line starts had a large number of consistent lines through (2,3) and gave 
pencils. In several cases a total of four consistent pencils were found, the 
group pencil through (0,O) and pencils through (1, 1), (2, 3) and (3, 2). 
One such case is the following: 
1234567890 1234567890 
2315648970 1308796542 
3126459780 1029875463 
4567891230 1476938205 
5648972310 1593482076 
6459783120 1862043759 
7891234560 1745209638 
8972315640 1687350924 
9783126450 1950624387 
1308796542 1029875463 
2315648970 3126459780 
4352179806 4623018597 
5369217084 5421306879 
6341820795 6520137948 
7380465219 7928540136 
8396501427 8724693015 
9374052168 9825761304 
0327984651 0327984651 
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In this case it is impossible to add a consistent line through (1, 6) and 
(4, 8) so that this cannot be completed to a full plane. But the array 
above does involve a total of 30 consistent lines in addition to the 20 coor- 
dinatizing lines and L, , the same number of lines that would be required 
for three mutually orthogonal Latin squares, a configuration which has 
not yet been constructed. 
For the 9 two line starts which gave (1, 1) pencils with consistent (2, 3) 
pencils, a further run was made to find which (1, 1) pencils had enough 
consistent lines through another point (taken to be (4, 7) or (4, 8)) to 
give another pencil. In only a few cases did the same (1, 1) pencil have 
a consistent (2, 3) pencil and also a consistent (4, 7) (or (4, 8)) pencil 
and in no case were these consistent with each other. This proved that 
in no case could the group multiplication pencil be extended to a full 
plane of order 10. 
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